We consider the Lie group SU 2 endowed with a left-invariant axisymmetric Riemannian metric. This means that a metric has eigenvalues I 1 = I 2 , I 3 > 0. We give an explicit formula for the diameter of such metric. Other words, we compute the diameter of Berger's sphere.
Introduction
Several aspects of analysis of wave, heat, Schrödinger equations on a Riemannian manifold (M, g) require the spectral analysis of the Laplace-Beltrami operator g that corresponds to the metric g. The bounds and asymptotic for non-zero elements of the g -spectrum depend on geometrical properties of the manifold M , such as the dimension, the curvature, the volume and the diameter diam g M of M (see, for example [1] ).
Recall that diam g M = sup {d g (x, y) | x, y ∈ M }, where d g is the Riemannian distance.
Denote by g(I 1 , I 2 , I 3 ) the left-invariant Riemannian metric on SU 2 with eigenvalues I 1 I 2 I 3 . N. Eldredge, M. Gordina and L. Saloff-Coste [2] show that
where D 0 , D ∞ are some constants. In this paper we prove an explicit formula of the diameter diam g(I 1 ,I 1 ,I 3 ) SU 2 in the case I 1 = I 2 . Note, that SU 2 endowed with the left-invariant metric g(I 1 , I 2 , I 3 ) is known as Berger's sphere [3] . Theorem 1. The diameter of SU 2 for left-invariant Riemannian metric with eigenvalues
, for 2I 3 < I 1 .
Remark 1.
The diameter is a continuous function of the variables I 1 , I 3 . Indeed, for I 1 = I 3 , we have 2π
Remark 2. The diameter satisfies inequality (1). Indeed, one can put D 0 = π and
For proof of Theorem 1 see Section 3. The proof is based on our previous results [4] for the cut locus and cut time for axisymmetric left-invariant Riemannian metrics on SU 2 . (Note, that the diameter diam g(I 1 ,I 1 ,I 3 ) SO 3 is computed in that paper.) Also we use the equation for the conjugate time achieved by L. Bates and F. Fassò [5] . Section 2 contains a summary of necessary notation and results from paper [4] .
Cut time
We use the Hamiltonian formalism. Every geodesic (starting form id ∈ SU 2 ) with arclength parametrization is defined by an initial momentum p ∈ su *
is the Hamiltonian, and p 1 , p 2 , p 3 are components of p in the basis dual to the basis where the Killing form and the metric are diagonal. (see [4] , Section 4). Introduce the following notation:
The cut time t cut (p) is a time of loss of optimality for the geodesic with the initial momentum p. Due to the axisymmetry of the metric, the cut time is a function
. Define τ 3 (p 3 ) as the first positive root of the equation
The function τ 3 (p 3 ) is defined on the domain [−1, 1] \ {0}. There exists limp 3 →0 τ 3 (p 3 ) equal to τ conj (0), where
is a conjugate time for the geodesic with the initial momentum p (see [4] , proof of Proposition 9). Define τ 3 (0) = τ conj (0). 
.
The function τ conj (p 3 ) is continuous and
Proof of Theorem 1
The diameter is equal to the maximum value of the cut time t cut (p 3 ), which is a function of the variablep 3 ∈ [−1, 1].
Consider first the case η 0. It is easy to see that |p| = . This function has a maximum at the pointp 3 = 0. The maximum value is 2π √ I 1 . Consider now the case η > 0. We find critical points of the function (Theorem 2 (1))
The function τ 3 (p 3 ) is even (due to the definition), so the function t cut (p 3 ) is even as well. Hence, we will considerp 3 ∈ [0, 1]. Calculate the derivative dt cut dp 3 (p 3 ) = 2 I 1 dτ 3 (p 3 ) dp 3 1 + ηp
To make formulas more compact, we will omit the argumentp 3 of the function τ 3 (p 3 ) below. After transformations, using the formula for dτ 3 dp 3 (see [4] , proof of Proposition 9) dτ 3 dp 3 = − τ 3 η cos τ 3 cos (τ 3 ηp 3 ) + sin τ 3 cos (τ 3 ηp 3 ) − τ 3 ηp 3 sin τ 3 sin (τ 3 ηp 3 )
, we have (up to a positive multiplier C) dt cut dp 3
. (τ 3 ηp 3 ). Then, we have (up to a positive multiplier) dt cut dp
Consider the case cos (τ
Due to the definition of τ 3 , the denominator is equal to
The first positive root of the numerator is τ conj (p 3 ) (Theorem 2 (3)) and τ conj (p 3 ) > τ 3 (p 3 ) (Theorem 2 (4)). So, the nominator does not vanish.
and the function τ 3 is continuous and decreasing). So, the numerator of dtcut dp 3 (p 3 ) is positive. Therefore, p 3 = 0 is the minimum point for t cut (p 3 ). Now we prove thatp 3 = 1 η is a maximum point for η > 1. Compute dtcut dp 3
(1). Up to a positive multiplier, this is equal to
The denominator is positive. One can find τ 3 (1) from the equation
. Thus, tan τ 3 (1) > 0. So, the function t cut (p 3 ) has two critical pointsp 3 = 0 andp 3 = , the diameter equals
. Using the definition of η, we obtain the statement of Theorem 1.
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